Abstract
Introduction
Functionally graded materials (FGMs) are novel, microscopically inhomogenous in which the mechanical properties vary smoothly and continuously from one surface to another. It has many favorable performances in engineering applications, such as high resistance to large temperature gradients, reduction of stress concentration and so on. Therefore, FGMs have been applied extensively in many situations where large temperature gradients are encountered. And the studies of the mechanical behaviors of FGM structures under the thermal and mechanical loads have being attracted more and more attentions and also have become a new research field in solid mechanics.
A brief overview of recent works about thermo-mechanical analysis of functionally graded structures is presented below. Several applications of the theory of thermo-elasticity can be found in the book by Hetnarski and Eslami [1] . In particular, the thermal stress analysis of beams based on Euler-Bernoulli assumptions was presented. Beams made of functionally graded materials were also investigated. The problem of thermal stresses in FGMs was addressed by Noda [2] . The optimal gradation profiles to decrease the thermal stresses in FGMs were discussed. The thermoelastic behaviour of functionally graded beams was also studied by Chakraborty et al. [3] . A beam finite element based on Timoshenko's theory was developed, accounting for an exponential and a power law through-thethickness variation of elastic and thermal properties. Zhao et al. [4] studied the post-buckling of simply supported rod made of functionally graded materials under uniform thermal loading using the numerical shooting method. Li et al. [5] studied the thermal post-buckling behaviour of a fixed-fixed beam based on the Timoshenko beam theory. They found the effect of shear on buckling of homogeneous beams and used the shooting method to analyze the post-buckling behaviour of FGM beams. Rastgo et al. [6] discussed the buckling of functionally graded material curved beams under linear thermal loading. They studiedfree vibration and mechanical buckling of cracked beams using the first order shear deformation beam theory for three types of boundary conditions.
Recently, considerable interest has also been focused on investigating the performance of FGM plates. For example, Reddy [9] proposed an analytical formulation relied on a Navier's approach using the third-order shear deformation theory and the von Karman-type geometric non-linearity. Veland Batra [10, 11] introduced an exact formulation based on a power series for thermoelastic deformations and vibration of rectangular FGM plates. Matsunaga [12, 13] used a two-dimensional global higher-order deformation theory to analyze free vibration and buckling of FGM plates. In thermal buckling of functionally graded material plates Bouazza et al. [14, 15] discussed the thermal buckling of plates based on the classical and first order displacement plate theories. They studied three types of thermal loadings for critical bucking temperature of plates and found that the classical plate theory over-predicts the buckling behaviour of thick plates. Also, Bouazza et al. [16, 17] expressed the mechanical buckling of plates under three types of mechanical loadings for simply supported plates in all edges. Effects of changing plate characteristics, material composition, and volume fraction of constituent materials on the critical temperature difference of FGM with simply supported edges are also investigated. They observed in their study that transverse shear deformation has considerable effects on the critical buckling temperature of FGM plate, especially for a thick plate or a plate with large aspect ratio. The static response of functionally graded plates subjected to thermal loads was addressed by Brischetto et al. [18] . The temperature field was determined by solving Fourier's equation. Different volume fractions of the material constituents were considered to evaluate the temperature, displacement and stress distributions. HosseiniHashemi et al. [19] , have recently proposed a novel exact analytical approach to free vibration analysis of Levy-type FGM rectangular plates, etc. Due to the complexity of mathematics, it is in general difficult to obtain the exact solution for all problems. Therefore, numerical methods have been devised to solve such FGMs structural components. Nowadays, the finite element method has become the most powerful and reliable tool to analyze FGM structures [20] .
In this study, the nonlinear response of simply supported FGM beams is presented. The material properties of the beams vary continuously in the thickness direction according to the power-law form. The formulations are developed by using CBT, FSDBT, PSDBT, and ESDBT. Governing equations were found by applying Hamilton's principle. Navier type solution method was used to obtain critical buckling loads. Different higher order shear deformation theories, first-order shear deformation beam theory and classical beam theories were used in the analysis. In this study, the effects of slenderness ratio, material variations, the different formulations and the beam theories on the first critical buckling load are examined.
Presentation of the study area 2.1 Material properties
Consider a rectangular beam made of a mixture of metal and ceramic as shown in Fig. 1 . The material in top surface and in bottom surface is metal and ceramic respectively. The modulus of elasticity E, and the Poisson's ratio m are assumed as [21] :
Where E c and E m denote values of the elasticity modulus at the top and bottom of the beam, respectively, and V c denotes the volume fraction of the ceramic and is assumed as a power function as follows:
Where k is a variable parameter. According to this distribution, bottom surface (z = -h/2) of functionally graded beam is pure metal, whereas the top surface (z = h/2) is pure ceramics, and for different values of k one can obtain different volume fractions of ceramic.
Where z is the thickness coordinate variable; and -h ⁄ 2 ≤ z ≤ h ⁄ 2 where h is the thickness of the beam and k is the power law index that takes values greater than or equals to zero. The state of stress in the beam is given by the generalized Hooke's law as follows:
Where Q ij are the transformed stiffness constants in the beam co-ordinate system and are defined as:
(4) 
Governing equations
Assuming that the deformations of the beam are in the x-z plane and denoting the displacement components along the x, y and z directions by U, V and W, respectively, the following displacement field for the beam is assumed on the basis of the general shear deformable shell theory presented by Soldatos and Timarci [22] :
Here, u and w represent middle surface displacement components along the x and z directions, respectively, while u 1 is an unknown function that represents the effect of transverse shear strain on the beam middle surface, and f (z) represents the shape function determining the distribution of the transverse shear strain and stress through the thickness.
Classical beam theory is obtained as a particular case by taking the shape function as zero. Although different shape functions are applicable, only the ones which convert the present theory to the corresponding parabolic shear deformation beam theory (PSDBT), first order shear deformation beam theory (FSDBT) and exponential shear deformation beam theory (ESDBT) are employed in the present study. This is achieved by choosing the shape functions as follows: According to the small-strain, moderate-rotation approximations, the nonvanishing strains are given as follows:
Where ε x is the normal strain and γ xz is the engineering shear strain.
Here the axial displacement u is assumed to be of order w 2 , which is based on the insignificant effect of the inplane inertia, see Nayfeh and Mook [23] . Substituting Eq. (5) The following stress resultants are introduced [24, 25] :
Where N and M are the classical well-known force and moment stress resultants, Q s and M s are stress resultants associated with the shear deformation. Using Hook's law, the stress resultants are expressed in terms of the strains as follows: Where Ks is the shear-correction factor for Timoshenko theory (K s = 5/6) that is equal to unity for higher-order shear deformation.
It should be pointed out that the extensional A 11 , coupling B 11 and bending D 11 rigidities are the ones usually appearing even in the classical beam theories. Among the additional rigidities in Eq. (10a), the one denoted as E 11 is considered as additional coupling rigidity while the ones denoted as F 11 and H 11 are considered as additional bending rigidities.
The total potential energy can be expressed as follows: 
Where ρ is the mass density per unit volume.
Hamilton's variational principle states that at two specified times t1 and t2 is a stationary point (a point where the variation is zero), of the action functional
Where δ is the first variation and W nc is the work done by nonconservative forces, δV the virtual total potential energy and δT the virtual kinetic energy of the FGM beam. Applying this principle yields the following equations of motion: 
The equations of motion can be expressed in terms of the displacements, u, w and u 1 . To this end, we substitute Eqs. The boundary-value problem governing the static postbuckling response, expressed in terms of stress resultants, can be obtained from Eqs. (17)- (19) by setting all time-dependent terms equal to zero and disregarding the nonconservative forces. The result is:
As it is evident from Eq. (24), the stress resultant N, which is the total axial force exerted on the beam's cross section, is a constant. In the context of linear analysis, where the contribution of the midplane stretching is negligible, the induced axial force is simply equal to the externally applied axial load at the beam ends. As a matter of fact, the midplane stretching introduces a tension force on the beam's cross section. As a result, the total axial force N, which is a constant according to Eq. (24), will account for the applied axial force and the induced axial force due to midplane stretching. This means that for a compressive external axial force N, the stress resultant N will be less than the applied force by an amount that is equal to tension due to midplane stretching. Consequently, Eq. (25) that governs the transverse displacement w will be nonlinear. To this end, we express the equations governing the static response of the beam in terms of the displacements. Equations (24)- (26) can be expressed as follows:
A u w B w E u 
One notes that Eq. (27) may be solved for the axial displacement u, and hence it can be eliminated from the other two equations. This will lead to a flexural model that is given in terms of only the displacements unknowns w and u 1 . It is worth noting that this is applicable regardless of the symmetry property of the structural laminate. Integrating Eq. (27) 
Where c 1 is a constant that represents the induced axial tension force due to midplane stretching as it will be shown. For the midplane stretching to be significant, the beam ends must be restrained [26] . The boundary conditions for the axial displacement are assumed as follows: u = 0 at x = 0; L The constants c 1 and c 2 are now given by 
Now, Eq. (30) can be rewritten as follows: 
Equation (27) and its first derivative can be expressed as follows: (28) and (29), we obtain These two equations can be solved for w s and u ' 1 at the boundaries and obtain The first buckling mode was proofed to be the only stable equilibrium position. For simply supported boundary conditions outlined above, the following displacement field is assumed:
Where a and b are unknowns to be determined. Substituting Eqs. (43) and (44) into Eqs. (36) and (37), yields three solutions: the first is the trivial solution, a = 0, that corresponds to the equilibrium position in the prebuckling state and the other two solutions, a ≠ 0, correspond to the stable equilibrium positions in the postbuckling state. As it is well-known, the prebuckling equilibrium position becomes unstable beyond the state of buckling. The postbuckling response can be obtained as follows: 
Results and discussion
The constituent material properties of the FGM beam were chosen as follows [14] [15] [16] [17] [18] [19] :
Al: E m = 70GPa ; ν c = 0.3; Ceramic: E c = 380GPa ; ν c = 0.3. The nondimensional critical buckling load, Pcr , is defined as follows: Non-dimensional first critical buckling load were given in Tables 1-5 for L/h = 5, 10, 20, 50 and 100, respectively, for different theories and for different material distributions. It is seen from the tables that critical buckling load is decreasing with increasing k and increasing with increasing L/h ratios. Difference between the critical buckling load predicted by CBT and shear deformation theories is decreasing with increasing L/h ratio. Table 4 Comparison of nondimensional first critical buckling load with different theories for different material distribution (L/h = 50, a = 0). Table 5 Comparison of nondimensional first critical buckling load with different theories for different material distribution (L/h = 100, a = 0). It is worth investigating the significance of shear deformation not only on the critical buckling load but also on the resulting postbuckling response, which is considered to be the contribution of this study. The postbuckling response of simply supported FGM beams using Euler-Bernoulli's beam theory, Timoshenko's theory, and some higher-order shear deformation theories is presented. Figures 3-4 shows the critical buckling load Pcr ( ) vs the nondimensional amplitude for different values of volume fraction exponent k (L/h = 5). It is seen that the nondimensional axial load increases monotonically as the nondimensional amplitude increases. The values of the nondimensional axial load calculated by using the some higher-order shear deformation theories are lower than those calculated by using the Timoshenko's theory, which is lower than those calculated by using the Euler-Bernoulli's beam theory. Figures 5-6 shows the variation trend of nondimensional axial load with length-to-thickness ratios L/h for different values of material gradient index k. It is observed that with increasing the length-to-thickness ratios L/h from 5 to 20, the nondimensional axial load also increases steadily, whatever the material gradient index k is. It is also found that transverse shear deformation has some effect on the buckling load. As the length-tothickness ratios increases, the difference between the values of higher-order shear deformation theories, Timoshenko's theory and Euler-Bernoulli's beam theory decreases.
As can be noted from the figures, the length-to-thickness ratio is a crucial parameter in the analysis of postbuckling of functionally graded beams. As Equation (6) shows the significance of this parameter in determining the critical buckling load, these figures show that it also has a significant effect on the postbuckling response. As the higher-order shear deformation theories show very close results in the course of the critical buckling load, they also yield similar postbuckling response. We also note that the first-order shear deformation theory always underestimates the amplitude of buckling compared with higher-order theories.
(47) 
Conclusion
In the present paper, equilibrium and stability equations for a simply supported rectangular functionally graded beam are obtained using the classical, first-order, and higher-order shear deformation theories, with the assumption of power law composition for the constituent materials. Closed form solutions for the critical buckling load and static postbuckling response of beams are presented. Numerical results show the significant effect of the shear deformation on the buckling and postbuckling responses of moderately thick beams or beams made of functionally graded materials. For instance, the critical buckling loads predicted by the classical beam theory and firstorder shear deformation theory are underestimated. The effect of shear deformation on the static postbuckling response is also investigated. Using the first-order and some higher-order shear deformation theories, the amplitude of buckling is found to be much higher than its value predicted by the classical beam theory. It is also found out that higher-order shear deformation theories considered in this study have led to the same results for buckling and postbuckling responses. Based on the postbuckling response, one can conclude that the effect of the shear deformation has considerable effect on the critical buckling load of functionally graded beam, especially for a thick beam.
